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Abstract 



We consider 5D braneworld models of quasi-localized gravity in which 4D grav- 
ity is reproduced at intermediate scales while the extra dimension opens up at 
both the very short and the very long distances, where the geometry is flat. Our 
main interest is the interplay between the zero mode of these models, whenever 
a normalizable zero mode exists, and the effects of zero energy graviton resonant 
modes coming from the contributions of massive KK modes. We first consider a 
compactified version of the GRS model and find that quasi-localized gravity is 
characterized by a scale for which both the resonance and the zero mode have 
\ significant contribution to 4D gravity. Above this scale, gravity is primarily medi- 

ated by the zero mode, while the resonance gives only minor corrections. Next, we 
consider an asymmetric version of the standard non-compact GRS model, char- 
acterized by different cosmological constants on each AdS side. We show that a 
resonance is present but the asymmetry, through the form of the localizing poten- 
tial, can weaken it, resulting in a shorter lifetime and, thus, in a shorter distance 
scale for 4D gravity. As a third model exhibiting quasi-localization, we consider 
a version of the GRS model in which the central positive tension brane has been 
^ ■ replaced by a configuration of a scalar field propagating in the bulk. 

W. 

1 Introduction 



It has been sometime now that theories of extra spatial dimensions, mostly motivated by 
String/M-Theory, have become one of the approaches in attempts to go beyond the Stan- 
dard Model physics. In phenomenologically viable models, the extra dimensions open up 
at short distances only, while above a certain length scale physics is described by an 
effective four-dimensional theory. Central to these considerations is the phenomenon of 
localization of gravity [11 [2] arising in the case of the Randall-Sundrum model, a 3-brane 
embedded in a 5D bulk with negative cosmological constant and an infinite fifth dimen- 
sion. In this setup, four-dimensional gravity is reproduced at large distances, while the 
effects of the continuum of massive KK modes is negligible at low energies. Nevertheless, 
it has been shown by Gregory, Rubakov and Sibiryakov that it is possible to device a setup 
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in which extra dimensions open up both at very short and at very long distances^ H]. 
In this case, 4D gravity is reproduced only at intermediate scales. At very small scales 
there are the standard power-law corrections as in the Randall-Sundrum model, while 
at very large scales, gravity is again modified and becomes higher- dimensional. The root 
of this phenomenon, named "quasi-localization" , is the removal of the zero- mode and its 
replacement by a zero-mass resonance of the continuum spectrum. The range in which 
Newtonian gravity is valid depends on the lifetime of this resonance. Extensive analysis of 
the conditions under which quasi-localization occurs has been performed in [51 El E] in the 
case of asymptotic flatness and in black hole backgrounds [H [9l [10] . Similar effects also 
appear in the DGP background [11] . The rather counter-intuitive phenomenon of quasi- 
localization in some specific non-asymptotically flat backgrounds was demonstrated in 

In the present article we consider the effects of quasi-localization of gravity in the 
context of 5D braneworlds, which exhibit asymptotically flat geometry. We will restrict 
ourselves to spaces which look like ordinary Minkowski space away from the origin of the 
fifth coordinate. Our main interest is the interplay between the zero mode of such models 
[T3] (whenever this zero mode is normalizable) and the effects of potential resonances, 
coming from the contributions of the massive KK modes of the spectrum. First, we 
consider a compactified version of the GRS model. The masses of the KK spectrum, 
giving rise to a resonance and effective 4D gravity on the brane, depend on the size of 
the compactification radius and exhibit the correct behavior in the limit of infinite radius, 
reproducing the GRS effects. Since we assume the extra dimension to be finite, there is 
always a normalizable zero mode, contrary to what we encounter in ordinary GRS. We 
show that, as the resonance becomes enhanced, the strength of the zero mode on the 
brane decreases. The scale of quasi-localized gravity of the GRS model is not anymore 
the threshold between 4D and 5D gravity on the brane, but it defines the distance 
scale for which both the resonance and the zero mode have significant contribution to 
4D gravity. Above this scale, gravity is mediated primarily by the zero mode and the 
resonance gives only higher order corrections. This situation is similar to the bigravity 
and multigravity scenarios [HI [TSJ UB], but in our case, the additional contribution to 
the gravitational potential doesn't come from an unusually light KK mode, but is the 
accumulative product of a host of these. Next, we consider an asymmetric GRS model, 
which is non-compact and has different cosmological constants on each side of a positive 
tension brane. Since the model is non-compact and asymptotically flat, there is no zero 
mode in this setup. Whatever 4D gravitational effects we get will be only due to the 
presence of a resonance. The spectrum of the KK modes in this case is derived and the 
results are compared to the ones of the symmetric scenario. We show that a resonance is 
indeed present, but the asymmetric localizing potential weakens it, resulting in a shorter 
lifetime and thus a shorter distance on the brane, where we get 4D gravity (see also 
[T?t [T5]). Finally, as a third example of a model exhibiting quasi-localization, we present 
a non-compact construction, where the central brane is replaced by an appropriate scalar 
field defect. 
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Figure 1: The basic structure of the orbifold, with a positive tension brane located at 
y = and two negative tension branes at y = ±£/ . 

2 Compactified GRS 
2.1 Basic Setup 

We start by considering a metric of the general form 

ds 2 = e- A{v) n^dx»dx v - dy 2 , (1) 

where fi, v = 0, 1, 2, 3 are 4-D indices and we adopt a (+, — , — , — , — ) signature for the 
metric. The setup is pictorially described in Figure 1. We consider the fifth dimension, 
y, to be compactified on a circle of radius radius R, such that — ttR < y < irR and 
we also assume orbifold symmetry for our system, so we can only deal with the domain 
< y < ttR- For negative values of y, the system is just a mirror reflection. As in the 
GRS model, we position a brane of positive tension a at the fixed point of the orbifold 
y = and two branes of negative tension —a/2 at some position y . Notice that the total 
charge in the orbifold is zero [16J. We assume that between the positive and negative 
tension branes there is a negative cosmological constant A, so that the space for \y\ < yo 
is AdS$. For \y\ > y , the central brane is screened by the two negative tension branes 
and we get Minkowski space. To study this setup, it is convenient to perform a change 
of variables. Instead of the previous metric, we will use the following ansatz 

ds 2 = e~ Aiz) {n ilv dx ii dx v - dz 2 ) (2) 

with the same signature. The two coordinate systems are connected by = e~ A l 2 . In 
order to proceed, we must first re-express the action of the branes in terms of the new 



3 



metric coordinate z, since the definition of the setup was done using the y coordinate. 
The action of the model with respect to the first metric can be written as 



with the gravitational part being 

u gravity 

and the action of each brane 



2M 3 j d 5 xVG R- J d 5 xVG A (3) 



sSL* = - j = - j d ' x j d y° {i)s (y - w) v 73 ^ 



(4) 



Here is the tension of the i-th brane located at y^. Gmn is the 5D metric and is 
the induced 4D metric on each brane. We denote the determinant of the induced metric 
as g(y) to make explicit the dependence on the y coordinate. Notice that because of the 
metric signature we chose, the determinant of the five-dimensional metric G involves a 
product of four minus signs and hence it is positive. However, the induced metric inherits 
a (+, — , — , — ) signature in four dimensions and its determinant is negative. Thus, we 
write \[G and \f^g respectively. We now transform into the z coordinate and get 

S£L = - / d 4 x I dya^S(y- yi )y/^j= - j J dz 5 (y - Vi ) 

= - J d A x J dza® 5 (z - zi) ^/^gimj- (5) 

Notice that for the induced metrics we have, g^ u (yi) = e~ A ^n ilv = e~ A ^n^ u = g^ u (z), 
so that \J —g (yi) = \J —g (zi). The energy-momentum tensor of each brane T^} is derived 
by varying with respect to the entire 5D metric, but we should bear in mind that the 
action of the brane itself depends only on the induced metric components. Doing so, we 
obtain 

rpii) ^ brane r /, _, A V~9 ( z i) / ™ 

^ MN = J^V) = >S (z - «) -j^9^ («) S M 5 N . (6) 

Since \J —g (zi)/ y/G (zij = e A ^ Zi ^ 2 , the final expression for the brane energy-momentum 
tensor is 

T £L = (* ~ *) ^ 9 (Zi)^ « . (7) 

We see now that the brane tension gets rescaled according to the warp factor of the 
extra dimension. This is the reason which prevented us from stating the initial setup in 
terms of the z coordinate in the first place. Now that we know the contributions from 
the branes in the energy-momentum tensor, we can write down Einstein's equations. 
Our construction is now completely expressed in terms of the z coordinate. We will soon 
derive the exact relation which maps y points to their z counterparts. The point y = is 
in fact mapped to z — 0, while there is a point z corresponding to y , where the negative 
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tension brane is located. Similarly, we denote by Z\ the position which corresponds to 
y = n R. Remember that we also have a cosmo logical constant A for \z\ < z . Einstein's 
equations are 

r Tmn <a\ 

where Gmn is the Einstein tensor. The minus sign comes from our choice of metric 
signature. With all these taken into consideration, the equations which describe our 
setup are 

Rmn — - R Gmn = 

^{Ae(z„-z)G M ,+ [a5{z)e^ 1 - U (z - z ) e^ 2 ) g, v « } . (9) 

The first term inside brackets is the cosmo logical constant, the second comes from the 
positive tension brane at z — 0, while the third is the contribution of the negative tension 
brane at z = zq. Remember that we only solve for positive values of z. Using our ansatz 
for the metric we arrive at the equations 

lA'(z) 2 = --±e-We(zo-z), (10) 
\{A'{zf-2A"{z)) = 

It is easy to see that the solution to these equations for \z\ < zq is the Randall-Sundrum 
metric, A(z) — 2 In {\k\ z + 1), together with the fine-tuning conditions 

A = -24M 3 A; 2 , a = 2AM 3 k 

For the rest of the space, the solution is just the Minkowski metric A(z) = A(zo) = 
2 In (|A;| zq + 1), where the value of A is defined from the continuity of the metric at 
z = zq. Having obtained the solution for the warp factor, it is easy to see that for 
\z\ < zq the relation connecting the two coordinates y and z is z = sign (y) 6 fc -1 , while 
for \z\ > zq, z = (k \ zq I + 1) y. Using these expressions we can map the points of interest 

e kyo _ i 

y = -> z = 0, y = y ^ z = ; , y = txR -> z x = (k \z \ + 1) ttR 

k 



2.2 Zero mode and Kaluza - Klein spectrum 

We are now in position to study the perturbations around the solution we obtained 
and derive the localizing potential and the spectrum of the fluctuations. We expect to 
find a zero mode and a tower of Kaluza-Klein states due to the compact nature of the 
extra dimension. In terms of the z coordinate, we consider perturbations around the 4D 
Minkowski metric of the form h^ u (x, z) = e 3A ^^ 4 -^ (z) h^ u (x), with n al3 d a dph^ u (x) = 
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—m 2 h^ L/ (x), m being the Kaluza-Klein mass of the fluctuations. The Schroedinger-like 
equation for the transverse wavefunction ip(z) is 



d 2 iP (z) 
dz 2 

V(Z): 



+ V (z) if) (z) = m 2 ifj (z) 
9 Af / , a 3 



(12) 
(13) 



where 

"-A' (zf - - A" (z) 
16 V ; 4 v ; 

is the localizing potential of the setup. Substituting the solution for the warp factor, we 
have 

1 ^k 2 3t 1 

v {z) = J(FRTT7 e(ko " A) ~ 3H w + tfstt* {z ~ Zo) ' (14) 

The solution of (fl2j) for m = (zero mode) is of the form 

(fci, iii) 3 / 2 (| *' > * o) 

with iV a normalization constant. The normalization condition for ipo(z) 

Z\ 2 21 

dz^o 0) = 2 y dzif>S(z) + 2 J dzif>%(z) = 1 
o 



^o(z) = iVe"^) = N 



(15) 



fixes the constant iV to be 

N 2 = k 



1 + 2 k(zt-z ) 
(kz + l) 2 (kz + if 



(16) 



The above quantity determines the strength with which the zero mode mediates four- 
dimensional gravity on the brane and will be discussed in more detail later. We now turn 
to the spectrum of massive KK modes. For m^O the equation of motion has the general 
solution 



• \z\ < Zq: 

i) m (z) = A(m)y/l + k\z\ J 2 (mik- 1 + |z|)) + B(m)\Jl + k \z\ Y 2 (m^ -1 + \z\)) 

(17) 

• \z\ > Zq. 

ipm (z) = C (m) cosm \z\ + D (m) sinm \z\ (18) 



This solution is continuous at z = and Z 2 -symmetric. We also have to impose continuity 
at z = zq, as well as discontinuity conditions for the first derivatives at z = and z = z . 
Finally, we demand continuity of the wavefunctions (which is automatically satisfied 
because of Z 2 -symmetry) at z — Z\. Since no brane is present at this position and we only 
keep symmetric wavefunctions, in order for the solutions to be smooth at z = z% we have 
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to impose that the derivative vanishes there. We thus have four equations constraining 
the four constant factors, encoded in the determinant 



Ji (t) *i (t) 


V\J 2 (fX) ^Y 2 (f\) 





— sin mzi cos mz\ 

— cos mz — sin mzo 
sin mz Q — cos mz 



(19) 



where we used the abbreviation A = l + kz . This equation provides us with the spectrum 
of masses for the KK modes. The quantization condition is apparently non-trivial. In 
the limit where Zq — > Zi, where the two negative tension branes merge into one with 
total charge opposite to the one of the positive tension brane, the usual RS-1 setup is 
reproduced and we get the corresponding KK masses for that model. In all cases, the 
mass eigenvalues can be found numerically by solving the equivalent equation 



tanmzi 



a + (3 tan mz 
(3 — a tan tuzq ' 



where we have defined the coefficients involving Bessel functions 



a 



(20) 



(21) 



Yn 



m 



m 



A )Y 1 



(22) 



k"J "'\k"J'"\k 
In what follows, we will focus on the case where Z\ 3> Zq, i.e. the distance between the 
branes is much smaller than the size of the compactified dimension. Intuitively, since in 
this case the three branes tend to collapse and vanish because of their opposite charges, 
we expect the KK modes to be sine and cosine waves, as the space becomes smooth, 
without any discontinuities and the mass eigenvalues will be given by the simple relation 



7T 



m r . 



ri- 



ii 



1,2,3... 



(23) 



which corresponds to the usual, equidistant spectrum of KK masses for the Laplacian 
operator. It is easy to show that the right hand side of (1201) tends to zero when zq — > 0, and 
thus we reproduce the correct relation (|23|) for small brane separation. In the following 
discussion, we will work in the regime where z\ ^> z , kzo 3> 1 and consequently the 
arguments of the Bessel functions will all be small enough to allow asymptotic expansion. 
Under this assumptions, the spectrum (1231) is a good and convenient approximation to 
the real eigenvalues and we will use this expression from now on. This choice is also 
justified by numerical results (see Figure 2). 

Using the junction conditions, we can now express the three of the four KK coeffi- 
cients in terms of A(m) 

J l KIT) 



Bin) 



A(n) 



(24) 



C (n) = V%4 (n) I cosm n zo ( J 2 (~r~^ 



■h (gO Y (run 
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Figure 2: Plots of the first 20 Kaluza-Klein eigenvalues against the corresponding equidis- 
tant eigenvalues derived from ( 1231) . in units of k. For large values of the ration ^, the 
equidistant spectrum becomes a valid approximation. 



2(> 



-~i^x a )-£8Ht a 




(25) 



D (n) = V%4 (n) <|sinm n z ( J% ("jjT"^ 



t ™«i J 'ii 1 )-§''(i 1 




(26) 



The remaining overall constant will be determined by the normalization condition 

for ipniz) 

z 1 20 Z\ 

dzip 2 n (z) = 2 J dzift (z) + 2 J dziPl (z) = 1 

The first of the two integrals involves Bessel functions and cannot be easily performed. 
However, we are interested in the limit where the compactification radius R is very large, 
so that z\ z , that is, the distance between the positive and negative tension branes 
remains finite and much smaller than the extent of the extra dimension. In that limit, 
only the second integral is important and we can extent it to start from zero, since we 
assume that zq is small enough. We then easily arrive at the normalization condition 



C(n) 2 + D(n? = — 



(27) 



which fixes the value of A(n). To derive an expression for A(ri), we will make some further 
simplifying assumptions. We will consider that kz^ 3> 1, that is, the distance between 
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the branes is much larger than the de Sitter radius. This makes sense, since we want 
the distance scale of 5D short distance gravity (|) and the quasi- localization scale of 
effective 4D gravity (which depends on zq) to be well separated. With this assumption, 
both m n zo and ^ are much smaller than 1, while A = 1 + kzo ~ kzo- In this case, all the 
arguments of the Bessel functions will be very small and we can substitute them with 
their first power series terms. Doing so, we arrive at the following expression 

A ( m f ~ 2 / 4 • (28) 

z£(kz ) 

where A ~ — ^ ( ^r 1 + | ,, 1 ,3 ) . Thus the strength of the KK modes at the origin is in 

Z125 V 4 4 (fcz ) / 

this limit 

^(°) 2 ^w 2 (s(t) 4 -K?) 2+1 )^ w2 - (29) 

as can be deduced from (flTl) by imposing our approximations. We see that A(m) 2 has 
the familiar form of a resonance about m = 0, with a resonance width Am ~ 2/zo(kzo) 2 . 
The characteristic scale at which the resonance decays away from the brane is r 2 ~ 
(Am) -1 ~ zo(kzo) 2 /2. This is exactly what we would expect from the ordinary GRS 
setup. Thus, the KK spectrum obtained provides us with a resonance in the limit of 
infinite compactification radius, z\ — > 00. However, an infinite extra dimension is not 
necessary to get the resonance, which sets in once the KK mode separation becomes 
small enough, so that the spectrum of masses resembles a continuum. In this case, the 
minimum of the KK masses approaches zero and we get a contribution in the gravitational 
potential from the lowest lying band of KK modes which reproduces r -1 gravity. 



2.3 Static gravitational potential on the brane and synergistic 
gravity 

We are now in position to calculate the effective 4D potential on the brane due to the 
spectrum of KK modes and the zero mode. As we explained in detail in the previous 
section, the massive KK spectrum, obeying eq. (T2"3"l) . gives rise to a resonant behaviour 
once we take the Z\ ^> z limit. The existence of the resonance is crucial for the repro- 
duction of 4D gravity from the KK modes on the brane, otherwise their potential will be 
exponentially suppressed and give a weaker effect, overshadowed by the r _1 strength of 
the zero mode. For the overall static potential between two point particles on the brane 
we have 

V (r) = V (r) + £ V m (r) = + ± £ <, (0) ^ , (30) 

m n 

where the first term comes from the zero mode and the second from the sum of KK 
modes. Using the expression we derived before for the strength of the zero mode at the 
origin, we get for its potential 

Ik Ik 



V (r) 



M 3 



1 _L 9 _Jc£l 



M 3 (l + a 



(31) 
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where we have used the fact that kz ^> I. We see that once the compactification 
scale becomes much larger than the characteristic distance scale of the resonance, the 
contribution of the zero mode becomes very small and practically the resonance takes 
over when it comes to effective 4D gravity. In the limit z\ — > oo the zero mode becomes 
non-normalizable and, then, the resonance is the sole source of 4D gravity, so we are in 
the GRS regime. The effects of the KK modes on the other hand are represented by the 
second term in the potential corresponding essentially to the sum over the Yukawa-like 
potentials for all the possible masses of the KK states. Since the separation between 
modes depends on as Z\ gets very large, the spacing between the masses becomes 
small enough to turn the sum into an integral over m. We should stress that in order to 
make this substitution, we should be mindful of the fact that we originally sum over the 
KK states, i.e. over the variable n, while the integral is over the mass, the two variables 
being related by m n = =>- dm = j^dn. We thus get 





-x 



* ' dm e —( , \ \ = ^±U^. (32) 



ttM 3 J r \m 2 + Am 2 J nM 3 r J x 2 + 1 

o o 

Notice that, although the substituted expression for V'm(O) i s onr y valid for small masses, 
the integral is quickly saturated for large m due to the exponential. It is thus legitimate 
to keep the integration limit at infinity. For r C r 2 ~ (kzo) 2 zo, i.e. much smaller than 
the characteristic scale at which the resonance decays, we get 

oo 

T/ / x Az^ f dx Az x r 2 /qq\ 
VKK(r) ~^PrJ ^TT = (33) 



o 



We see that the resonance gives a r" 1 contribution to the static potential. So, for distance 
scales in the range ^ < r < r 2 , effective 4D gravity is reproduced by both the zero mode 
and the resonance coming from the massive KK spectrum. The overall potential is 



V(r)~— —- + -z 1 r 2 ) . (34) 




As we infer from this expression, for z\ ^> r 2 the resonance dominates. For scales r ^> r 2 , 
the only contribution to 4D gravity will be from the zero mode only, since the resonance 
decays and gives 5D corrections of order r~ 2 . In the GRS limit the zero mode contribution 
vanishes and the 4D potential on the brane is due to the resonance. Notice that, although 
the second term in the potential is linear in zi, this is canceled by A, which also has 
a z^ 1 dependence. We should also point out that in the GRS limit the massive KK 
modes should switch to a continuum normalization, not involving Z\. The behavior of 
this potential can be further understood if we put it into the form 

V (r) ~ {Gn ° + ° Nr) (35) 
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with the definitions for the 4D Newton's constants 



M 3 (l + a j 

coming from the zero mode and the resonance respectively. In deriving Gn r we used that 
.4r 2 ~ 2k/ Z\. The ratio of the two gravitational constants in the k" 1 <C r <C r 2 regime is 

1 + — . (37) 

<^N r 2 

From this relation we infer that the resonance dominates over the zero mode in these 
distance scales. Only for r > r 2 , where the resonance decays and the relation is no longer 
valid, does the zero mode take over in mediating 4D gravity on the brane. 



3 An Asymmetric GRS Model 



In this section we shall construct and study an asymmetric extension of the non-compact 
GRS setup. By asymmetry we mean that the two slices of AdS§ around the central, 
positive tension brane have different cosmological constants, denoted by A + and A_. 
The setup resembles Figure 3 and the positioning of the branes is done with respect to 
the ^/-coordinate metric ([1]). The negative tension branes are positioned symmetrically 
around y = 0, at some distance yo- The action of each brane is given by (j4j) like before. 
We will switch to ^-coordinates and the metric (EJ) for convenience in examining the 
localizing potential. The brane energy- momentum tensor takes the form (CO). The part of 
the action due to the cosmological constant is just Sa = — J d 5 x yGA, where 



A 



A_ 



[-zo <z<0) 



with 



< A+ (0 < z < z ) 
(|*| > zo) 

1 



(3? 



k 



(e kyo - 1) 



Einstein's equations for this setup are 



R 



1 



4M 3 



MN 



-RGmn 



A 



AM 3 



G 



MN 



+ 



A(0) 



a 2 S (z + z ) e 2 + (z)e * + <j\5 (z - z )e 2 ) g^5 M 5^ 



(39) 



with the cosmological constant A taking the appropriate value for each interval. Sub- 
stituting the ansatz for the metric (j2J) into these equations, we obtain the system of 
equations 

-AW ) ( 40 ) 



-A' (z) 2 
2 v ; 



A 



4M 3 
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Figure 3: The asymmetric GRS setup 



t [A' {zf - 2A" (z)) 



A 



4M 3 

MO) 



-A(z) 



(z + z ) e +aS(z)e 2 ' + ai 5 (z - z ) e 2 "' j 

We will assume a solution of the form 

' 2\n(-k_z + 1) 

2 In (-£;_,? + 1) 

21n(fc+2 + l) 

[ 2 In (Mo + 1) 



(41) 



A(z) 



(z < -Zq) 

{-z <z<0) 

(0<Z< Zq) 



(42) 



yZ > Z Q ) 



Plugging this into the equations of motion we obtain that it is indeed a solution, provided 
that the following conditions (fine-tunings) hold for the brane tensions 



a 1 = -12M 3 k + , a 2 = -l2M 3 k_, a = 12M 3 (k+ + fc_) 
and the cosmological constants 

A+ = -2AM 3 k%, A_ = -2AM 3 k 2 _ . 



(43) 



(44) 



Having obtained the warp factor solution, we proceed to write down the spectrum of 
excitations for the setup. We do this by patching together the original GRS solutions for 
the KK modes for different k's, so the wavefunctions for the modes will be 
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\A < z 



(z) = A± (rn) V 71 ± k ±z J2 {m(k± l ± z)) + B± 



m) 



'l± k±zY 2 (m^ 1 ± z)) 
(45) 



F > z 



C± (m) cos mz ± .D-t (m) sin mz 



(46) 



Notice the ± sign in the D term, added for later convenience. The setup possesses no 
normalizable zero mode. We will use the junction conditions in order to determine the 
various constants of the wavefunctions. There are three continuity conditions (at y = 
and y = ±7/0) and another three equations from the discontinuities of the first derivatives 
at the same points. Thus, in total we have six continuity/discontinuity equations and 
eight undetermined constants. Imposing the junction conditions we can write all other 
constants in terms of A± 

C± = A±\f\± [cosmz J 2 (u±) — sinmz Ji (u±)]+B±^/\± [cosmz Y 2 (u±) — sinmzo^i (u±)] 

D± = A±^/\± [sin mz J 2 {u±) + cosm^oJi (u±)]+B±y/\± [smmz Y 2 (u±) + cos^o^i i u ±)} 
with 



B, 





A-h (t)- A + J i 


' m \ 
\ k +J. 




'a.j x ( 


m \ 
K k.) 















Note the definitions u± = {r L \± and A± 



1 + fc ± z . 



A_ 



At this point we may adopt a normalization condition that, in the case A_ 
would reduce to the standard one. This normalization condition reduces to 

vr (C\ + D\) = vr (C 2 +D 2 _) = 1. 

These two relations suffice to determine all coefficients. 

Just as before, we are interested in finding the scale r 2 at which the resonance decays, 
or equivalently, the resonance mass Am. To do so, we must calculate the strength ip^ (0) 
of the KK modes at the origin. We are going to make approximations for the arguments 
of the Bessel functions. Specifically, we assume k±Zo ^> 1, i.e. the distance between 
the positive and negative tension branes is much greater than the AdS radii on both 
sides and we also assume itlzq C 1 ^ ^ <C 1. We shall also define the asymmetry 

parameter 77 = t 1 . Using the above approximations, we end up with the expression for 
the resonance mass, in the limit of r\ close to unity 

2 8 (2 - T7 3 (1 - r7 3 )) 2(2-^(1-^)) 

Am ~ 5 t. — ~ 5 

( V + I) 2 (k + z ) 2 z 2 (r/ + l) 2 

It is evident that the resonance scale depends heavily on the asymmetry parameter 77. 
As 77 increases, the resonance width becomes bigger and consequently the derealization 
distance r 2 decreases. Note that the derealization scale is proportional to the inverse of 
the resonance mass. Thus, the resonance becomes weaker as the asymmetry grows, while 
the greatest resonance scale is achieved in the symmetric setup. We see from (|47[) that 
the resonance mass of the GRS model is reproduced in the symmetric case, rj = 1. 



A ™ 2 GRS 



(47) 
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4 Quasi-localized Gravity on a Thick Brane 



In this section we consider a variant of the ^-symmetric GRS model in which the central 
brane has been replaced by a suitable configuration of a bulk scalar field [19] [20J [21 J . 
As in GRS, the AdS space is restricted by two symmetrically placed branes, while the 
fifth dimension is infinite in extent and at large distances the space is Minkowski. We 
begin by considering an action of the form 



S = j d 5 xVG !^2M 3 R + l - (V0) 2 - V (0) I - J 



d^x^ga 0) , 



(48) 



where we denote the 5D metric by Gmn and the 4D metric on the brane by g^ v . The 
first part of the action contains the gravitational and scalar sector, while the second is 
the contribution of a thin brane. The brane tension depends on the scalar field, i.e. there 
is a scalar potential on the brane. This action is written in terms of the metric (JTJ, which 
has a (+, — , — , — , — ) signature. Let yo ^ be the location of this thin brane. As it has 
already been explained, we rewrite the action of the brane and the equations of motion 
in terms of the metric (j2j) of the same signature, which is more convenient in the study 
of the spectrum. Einstein's equations take the form 



Rmn — -^RGmn 



AM 3 



V.wnV.yn-CV.w.v ( \ (V0) 2 - V (0) 



+ GWA + a 5 (z - z Q ) e 2 g^ M 5 
The scalar field equation is 



(49) 



(50) 



Notice the sign changes due to the signature used. Substituting the metric ansatz in 
these equations, we obtain the system 



A 1 {zf - 2A" (z) 



-A(z) 



3M 3 



(A + V) 



-A(z) 



e 2 
3M 3 



aS (z - zq) 



x i/2 

6M 3<P ' 



A'(z) 



W (A + K) + 12M^' 2 



(51) 
(52) 



\e A ^ (3A' (z) <P' (z)-2<P"(z)) + 



dV 



(53) 



where cr'(4>) stands for the derivative of the brane-tension with respect to the scalar field 
at z = zq. Only two of these equations are independent. These can be cast in the form 



3M 3 (A' 2 + 2 A") -a5(z- z ) e 



AQq) 



and 



V = ^M 3 e A (2A" - 3A' 2 ) -A-^5(z- z ) 



(54) 
(55) 
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The junction conditions at z = z are 

A'(z +)-A'(z -) = -^e'^, (56) 

<t>i( Zo+ )- ( f)i( Zo -)=a'e- A ^ 2 . (57) 

Let us now introduce a trial solution for the warp factor function A(z) of the form 
A (z) — — In [ 1+ (fe z )2] ■ The bulk solution for this setup is 

(2) = Vl2M 3/2 arctan (Jfez) , (58) 



y aW f ^WJ-' , A (59) 



tan2 (tTSm^) 



This solution is valid for the entire space, even in a smooth scenario without the thin 
branes present. The junction conditions at z = z become 

12M 3 k 2 z , VvikM 3 ' 2 
a = ^^^=^^^= , a = ^^^=^^^= . (60) 



yfb (1 + (kz ) 2 ) ' yfb (1 + (kz ) 2 ) 



Notice that for zo > 0, the brane tension must be negative. A non- vanishing brane scalar 
potential a' is also necessary in order to have a non-trivial solution. We can now use 
these junction conditions to patch together the smooth solution with a flat (Minkowski) 
space at z = z . The solution is 

• z < z : 

A(z) = — In tttt^, (z) = Vl2M 3 / 2 arctan (kz) , , (61) 

[1 + (kz) \ 



• z > z : 

A(z) = -\n- h , <j)(z) = Vl2M 3/2 arctan (kz ) , V = -A. (63) 

[1 + (KZq) \ 

The corresponding junction conditions at z — —z are 

i2mv 2 „ , ynt^ (64) 



ft (1 + (fe„) 2 ) ' ^(l + ffco) 2 ) 



Notice that we get the same negative brane tension as before, but a' must now have 
opposite sign with respect to the brane at z — z . Thus both thin branes must have 
negative tensions in order to get a solution. This is to be expected. The negative tension 
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of these branes is necessary to counteract the positive energy density of the scalar field 
in the region — z < z < Zq. The situation is similar to what we encounter in the GRS 
scenario. The novel property here is that the brane tensions depend on the position of 
the thin branes. This is also not a surprise. The further we position them, the grater the 
extent of the region where the scalar field is non-trivial will be and the corresponding 
energy density of the thick brane will grow. 

The only apparent problem of the solution is that V may be discontinuous at zq, 
unless the patch is performed at z = l/(2k). However, as we will see, this is before the 
position where the localizing potential reaches zero for the first time and thus performing 
the patch leaves us with no barrier in the potential. Having a Minkowski space for z > zq 
renders the zero mode non-normalizable and, hence, gives rise to a proper setup for 
quasi-localization to set in. The localizing potential in the region z < z is 

3g[5(fc)»-2] } 

The lifetime of the resonance Am is proportional to the transmission factor through the 
barrier at m = 0, that is, Am ~ T(0). In the WKB approximation, 

T (m) ~ exp ^-2 J dz^/Vi (z) — m 2 , (66) 

where Z\ is the position at which = 0, i.e. Z\ = ±a/2/5A;. The scale of derealization 
for gravity, r 2 ~ (Am) -1 ~ T _1 (0), for large values of kzo, becomes 



r 2 ~ ^ (67) 

For a large enough zq we can obtain very high values for the scale r 2 at which the 
resonance decays and we get 5D gravity. The dependence of the resonance decay scale 
on the brane distance is similar to the one we obtain from WKB analysis for the GRS 
model [5]. 

We should stress that the results we deduced in this section were based on the validity 
of the WKB approximation in our setup. Another way to demonstrate the presence of 
the resonance would be to solve exactly for the perturbations of the classical solution 
we obtained above. However, although it is straightforward to compute the zero mode 
wavefunction, solving analytically for the localizing potential is a non-trivial task that 
deserves further investigation. 



5 Conclusions 

In the present article we considered 5D braneworld models exhibiting the phenomenon 
of quasi-localized gravity. These models are asymptotically flat, looking like ordinary 
Minkowski space at very large distances. We restricted ourselves only in the study of 
tensor metric perturbations. We focused on the interplay between the zero mode of such 
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models (whenever this zero mode is normalizable) and the effects of potential resonances, 
coming from the contributions of the massive KK modes of the spectrum. As a first 
example, we considered a compactified version of the GRS model. Here, as in the case 
of standard GRS, the massive KK spectrum gives rise to a zero-mass resonance and 
effective r _1 gravitation on the brane, depending on the size of the compactification 
radius. The GRS effect is reproduced in the limit of infinite compactification radius. As 
long as the extra dimension is finite however, there is always a normalizable zero mode. 
We show that, as the resonance becomes enhanced, the strength of the zero mode on 
the brane decreases. This is similar to the results obtained in [13] for the asymmetric 
Randall-Sundrum braneworld. The scale of quasi-localized gravity of the GRS model 
is not anymore the threshold between 4D and 5D gravity on the brane, but it defines 
the distance scale for which both the resonance and the zero mode have significant 
contribution to 4D gravity. Above this scale, gravity is mediated primarily by the zero 
mode and the resonance gives only higher order corrections. For distance scales in the 
range -r <C r <C r 2 ~ (kzoYzQ, effective 4D gravity is reproduced by both the zero mode 
and the resonance coming from the massive KK spectrum. The overall potential is 



As we infer from this expression, for z\ ^> r 2 the resonance dominates. For scales r 3> r 2 , 
the only contribution to 4D gravity will be from the zero mode only, since the resonance 
decays and gives 5D corrections of order r~ 2 . The ratio of the two gravitational constants 
in the fc" 1 C r < r 2 regime is 



Next, we considered an asymmetric version of the GRS model in which the two AdS 
sections have different cosmological constants A + 7^ A_. The model is non-compact 
and flat at large distances. Thus, there is no zero mode in this setup. Whatever 4D 
gravitational effects we get are only due to the presence of a resonance. We derived the 
spectrum of the massive KK modes which, although more complicated than the symmet- 
ric case, exhibits similar behaviour with a resonance present. We showed that the effects 
of the resonance, although always present, can be weakened by the asymmetry. This is 
manifest in the localizing potential and can result in a shorter lifetime and therefore, 
a shorter distance quasi-localization distance at which we get 4D gravity. Finally, as 
a third example of a model exhibiting quasi-localization, we considered a non-compact 
construction, where the central brane is replaced by an appropriate scalar field defect. 
As first observed in [5], a GRS-like background cannot be reproduced by utilizing only a 
bulk scalar field. The presence of negative energy density branes is thus imperative and 
the same pathologies that plague the standard GRS setup [I] remain. Nevertheless, the 
thick brane model appears viable and is certainly more realistic compared to the sim- 
plified thin brane case. As a final note, we should point out that the compactified GRS 
model may be susceptible to problems involving ghost degrees of freedom, due to the 
presence of the negative tension branes, as was mentioned in [T5],[22] (but see also [23]). 
A more thorough investigation of scalar perturbations in this context may be necessary 
to clarify these issues. 
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